This paper concerns the study of regular Fourier hypergroups through multipliers of their associated Fourier algebras. We establish hypergroup analogues of well-known characterizations of group amenability, introduce a notion of weak amenability for hypergroups, and show that every discrete commutative hypergroup is weakly amenable with constant 1. Using similar techniques, we provide a sufficient condition for amenability of hypergroup Fourier algebras, which, as an immediate application, answers one direction of a conjecture of Azimifard-Samei-Spronk [7] on the amenability of ZL 1 (G) for compact groups G. In the final section we consider Fourier algebras of hypergroups arising from compact quantum groups G, and in particular, establish a completely isometric isomorphism with the center of the quantum group algebra for compact G of Kac type.
Introduction
The Fourier algebra A(G) of a locally compact group G is a central object in abstract harmonic analysis, providing remarkable manifestations of analytical and topological properties of G. A well-known example is given by Leptin's theorem [18] , which says that a locally compact group G is amenable if and only if its Fourier algebra A(G) has a bounded approximate identity.
As in the setting of locally compact groups, the Fourier space A(H) of a hypergroup H plays an important role in the harmonic analysis. A hypergroup H whose Fourier space forms a Banach algebra under pointwise multiplication is said to be a regular Fourier hypergroup [27] , in which case we refer to A(H) as the Fourier algebra of the hypergroup. In this work, we study regular Fourier hypergroups through multipliers of A(H), denoted M A(H). Building on work of the first author [1] , who established a hypergroup analogue of Leptin's theorem for discrete groups, we show that a discrete hypergroup H satisfies (P 2 ) if and only if M A(H) = B λ (H) isometrically, where B λ (H) is the reduced Fourier-Stieltjes space of H. In the case where H is a discrete group G, our techniques yield a new proof of the well-known equivalence of amenability of G and the equality M A(G) = B λ (G). We also introduce a notion of weak amenability for hypergroups and show that every discrete commutative hypergroup is weakly amenable with constant 1. Recall that commutative hypergroups need not necessarily satisfy (P 2 ), contrary to the group setting.
We then use multipliers to investigate amenability of A(H) for discrete commutative hypergroups. Our main result, Theorem 4.4, gives a sufficient condition for amenability of A(H) in terms of boundedness of the Haar measure. Through the isometric isomorphism ZL 1 (G) ∼ = A(Irr(G)) between the center of a compact group algebra and the Fourier algebra of the associated hypergroup of irreducible representations, our main result shows that if a compact group has an open abelian subgroup then the center of the group algebra ZL 1 (G) is amenable; thereby establishing one side of the main conjecture of [7] .
Finally, we prove that the center of the group algebra of a compact quantum group of Kac type is completely isometrically isomorphic to the Fourier algebra of the associated discrete hypergroup; a result which initiates many questions regarding the applications of discrete hypergroups and their Fourier algebras to compact quantum groups.
The paper is organized as follows. We start in Section 2 with preliminaries and a brief overview of the Fourier algebra of hypergroups. Section 3 begins with some observations on completely bounded multipliers of Fourier algebras, leading to Subsection 3.1, where we focus on their relationship with the reduced Fourier-Stieltjes space for discrete and commutative hypergroups. In Subsection 3.2 we introduce weak amenability for hypergroups and prove that every commutative hypergroup is weakly amenable with constant 1. We then study amenability of Fourier algebras of discrete commutative hypergroups in Section 4. Applications to central algebras on compact and discrete groups are given respectively in Subsections 4.1 and 4.2. Finally, in Section 5 we establish the aforementioned relationship with central subalgebras of compact quantum groups.
Preliminaries and notations

Hypergroups
For a locally compact Hausdorff space H we denote by C b (H) the space of bounded continuous complex valued functions on H, and by C c (H) and C 0 (H) the subspaces of functions with compact support and vanishing at infinity, respectively. We denote by M (H) the space of bounded Radon measures on H. For any µ ∈ M (H), let supp(µ) denote the support of µ. For each x ∈ H, we also denote by x the corresponding point mass in M (H). Here we follow the definition of a hypergroup as given by R. I. Jewett [20] . We refer the reader to [8] for details as well as known results on hypergroups.
Definition 2.1 A locally compact Hausdorff space H is a hypergroup if the following conditions are satisfied:
1. There exists a binary operation on M (H) under which M (H) is an algebra where
Moreover, for every x, y in H, x · y is a probability measure and the mapping (x, y) → x · y is continuous from H × H into M (H) equipped with the topology σ(M (H), C b (H)).
2. There exists a (unique) element e in H such that e · µ = µ · e = µ for all µ ∈ M (H).
3. There exists a homeomorphism x →x of H onto H satisfyingx = x, (x · y) =ỹ ·x, and e ∈ supp(x · y) if and only if x =ỹ for all x, y ∈ H.
4. The set supp(x · y) is compact. Moreover, the mapping (x, y) → supp(x · y) is continuous from H × H into the space of all non-empty compact subsets of H equipped with the "Michael topology".
For each pair x, y ∈ H and f ∈ C 0 (H), we denote the integral f d(x · y) by f (x · y) and the left translation L x f (y) is defined by f (x · y). All hypergroups considered in this article are assumed to possess a left invariant Haar measure λ, and we use H dx to denote the integration with respect to λ. Note that the existence of Haar measures for commutative/compact/discrete hypergroups can be proved (see [20] ). We let (L p (H), · p ), 1 ≤ p ≤ ∞, denote the usual L p -space with respect to a fixed left
In particular, L 1 (H) is a Banach * -algebra with this action and the involution f * (x) = ∆(x)f (x) where ∆ is the modular function with respect to the left Haar measure λ.
A hypergroup H is commutative if µ · ν = ν · µ for every pair µ, ν ∈ M (H). We define 
Fourier spaces of hypergroups
We now give a brief overview of the Fourier and Fourier-Stieltjes spaces of a hypergroup. We refer the reader to [27] for details. Let Σ H denote the equivalence classes of all representations of H (see [8] ). Abusing notation, let λ denote the left regular representation of H on L 2 (H)
given by λ(x)ξ(y) = ξ(x · y) for all x, y ∈ H and for all ξ ∈ L 2 (H). This can be extended to
which is called the reduced C * -algebra of H. The von Neumann algebra generated by {λ(x) : x ∈ H} is called the von Neumannn algebra of H, and is denoted by
The completion of L 1 (H) with respect to · C * (H) is called the full C * -algebra of H and is denoted by C * (H). The dual of C * (H) is called the Fourier Stieltjes space and is denoted by B(H). Let B λ (H) denote the dual of the reduced C * -algebra C * λ (H). It is known that B λ (H) can be realized as a closed subspace of B(H). In particular, for a commutative hypergroup H, B(H) is the closed linear span of H while, the linear space of all elements in supp( ) is dense in B λ (H).
The closed subspace of B λ (H) spanned by {ξ · λξ : ξ ∈ C c (H)} is called the Fourier space of H and is denoted by A(H). The dual of A(H) can be identified with VN(H). For a unimodular hypergroup H, it follows that
where the infimum is taken over all ξ, η ∈ L 2 (H) for which u = ξ · λη (see [27] for commutative hypergroups and [1, Proposition 1.3] for general unimodular hypergroups). Contrary to the group case ( [13] ), B(H), B λ (H), and A(H) do not necessarily form Banach algebras with respect to pointwise multiplication. If A(H) forms a Banach algebra with respect to pointwise multiplication, the hypergroup H is said to be a regular Fourier hypergroup.
A hypergroup H is said to satisfy property (P p ), for 1 ≤ p < ∞, if there is a net (ξ α ) α in L p (H) such that ξ α ≥ 0 and ξ α p = 1 for all α, and for every compact set E ⊆ H,
The Reiter conditions (P p ) and other notions of amenability for hypergroups were studied extensively in [1, 17, 25, 35, 34, 38, 39] . Recall from [35] that for a commutative hypergroup H, the constant character 1 belongs to supp( ) if and only if H satisfies (P 2 ). Based on these results, we see that property (P 2 ) is an appropriate hypergroup analogue of group amenability. Indeed, it is known that (P 1 ) = (P 2 ) for general hypergroups, so the existence of a left invariant mean on L ∞ (H) does not capture the essential features of hypergroup amenability. Another justification is provided by the following result, which we will make extensive use of throughout the paper. 
Multipliers and completely bounded multipliers of A(H)
Recall that a Banach algebra A equipped with an operator space structure is called a completely bounded Banach algebra if there exits a constant C ≥ 1 so that
and n, m ∈ N. We say that A is completely contractive if C = 1. Denoting by ⊗ the operator space projective tensor product, it follows that A is completely bounded if and only if the linearization of the product extends to a completely bounded map m A : A ⊗A → A. In what follows we adopt the notation of [12] , to which we refer the reader for details on operator spaces and completely bounded Banach algebras. For a commutative Banach algebra A, a bounded linear operator T ∈ B(A) is a multiplier of A if T (a)b = aT (b) for every pair a, b ∈ A. If A is a completely bounded Banach algebra, every multiplier T which also belongs to CB(A) is called a completely bounded multiplier. We use M A and M cb A to denote, respectively, the spaces of bounded and completely bounded multipliers of A. Note that M A is a closed subalgebra of B(A) and M cb A is a closed subalgebra of CB(A), so they form Banach algebras with the inherited norms. It is known that for a commutative Banach algebra A, every element in M A (and subsequently in M cb A) can be identified uniquely with a bounded continuous function on the maximal ideal space of A (see e.g. [ 
21, Proposition 2.2.16]).
Also, if A is completely bounded, it follows that A injects continuously into M cb A. In particular, if A has a bounded approximate identity, the norms · A , · M A , and · M cb A are equivalent on A; therefore, A is a closed ideal in both M A and M cb A.
As the pre-dual of the hypergroup von Neumann algebra VN(H), the Fourier space A(H) of any hypergroup inherits a natural operator space structure.
To study the norm of completely bounded multipliers of the Fourier algebra, we need the following hypergroup modification of a well-known result by de Cannière and Haagerup [11, Theorem 1.6 ]. Here we use finite groups to avoid some difficulties in Subsection 3.1. The proof presented here is similar to the group case so we skip the details. 
Conversely, for each n ∈ N there exists a finite group G with an n-dimensional irreducible representation. Then
where k i 's are the dimension of irreducible representations of G, with k m = n. Hence,
By restriction to the mth component of VN(H
× G), we have M u ⊗ id n ≤ M u⊗1 G . Thus, u M cb A(H) = M u cb ≤ sup G M u⊗1 G = sup G u ⊗ 1 G M A(H×G) .
Definition 3.2 A regular Fourier hypergroup H is called an operator Fourier hypergroup if A(H)
forms a completely bounded Banach algebra under its canonical operator space structure.
It is known that every locally compact group is an operator Fourier hypergroup (see [12, Section 16.2] ). However, it is not clear that every regular Fourier hypergroup forms a completely bounded Banach algebra. In what follows we show that this is indeed the case for commutative hypergroups and discrete hypergroups arising from compact quantum groups of Kac type.
For two non-commutative regular Fourier hypergroups H 1 and H 2 , it is not know whether the product hypergroup H 1 × H 2 remains a regular Fourier hypergroup. In the following proposition we prove that the class of operator Fourier hypergroups is closed under products. Proposition 3.3 Let H 1 and H 2 be two operator Fourier hypergroups. Then H 1 × H 2 is also an operator Fourier hypergroup.
Proof. By [12, Theorem 7.2.4] we have the completely isometric identifications
By commutativity of ⊗ [12, Theorem 7.1.4] we also have
Thus,
is completely bounded ([12, Corollary 7.1.3]). Therefore, A(H 1 × H 2 ) is a completely bounded Banach algebra.
M A(H) for commutative and discrete hypergroups
For a locally compact group G, it is well-known that M A(G) = B λ (G) if and only if G is amenable. In this section we prove a corresponding result for every commutative and/or discrete regular Fourier hypergroup H. Recall that there are commutative hypergroups which do not satisfy (P 2 ) [35] . Proposition 3.4 Let H be a commutative regular Fourier hypergroup. Then H is an operator Fourier hypergroup and M cb A(H) = M A(H) with equal norms. Also, we get M A(H) = B λ (H) with equal norms if and only if H satisfies (P 2 ).
Proof. As the pre-dual of a commutative von Neumann algebra, A(H) is canonically equipped with its MAX operator space structure, and therefore the projective and operator space projective tensor products coincide (see [12, Proof. If M A(H) = B λ (H), the constant function 1, which we denoted by χ 0 , belongs to
. Let E be a state extension of χ 0 to VN(H). Since the normal states of VN(H) are weak * dense in the set of all states of VN(H), we may find a net of states (u β ) β in A(H) such that u β → E in the weak * topology.
By [1, Lemma 3.2], A(H) is an ideal in its second dual, so for each u ∈ A(H), uE ∈ A(H). Let T ∈ VN(H) be arbitrary and (f α ) α be a net in L 1 (H) such that f α → T in the weak * topology of VN(H). Then
Therefore, uu β → u with respect to the weak topology σ(A(H), VN(H)). By the standard convexity argument we may render a net (ϕ α ) α ⊆ conv{u β } that is a bounded approximate identity of A(H). Theorem 2.2 then yields the claim. 
To verify the last statement recall that u(x) = λ(x) −1 x, u for each u ∈ A(H) and x ∈ H where ·, · denotes the dual product of ( 
that by Theorem 2.2, A(H) has a contractive approximate identity. Hence, the argument in the proof of [36, Corollary 5] 
Suppose that H is an operator Fourier hypergroup satisfying (P 2 ). Note that by Proposition 3.3, for every finite group G, the discrete hypergroup H × G is an operator Fourier hypergroup satisfying (P 2 ). So the first part of the proof holds for H × G and therefore
Here, we showed equality between M A(H) and B λ (H) for commutative/discrete hypergroups satisfying (P 2 ). A question of interest is the existence of a similar relation for B(H). In other words, it would be interesting to find a hypergroup satisfying (P 2 ) while B λ (H) = B(H). In [16] , it is claimed (without a proof) that this is not the case for some classes of discrete hypergroups with controlled growing rates. We are also aware that such a hypergroup cannot be admitted by the fusion rules of compact groups (see Subsection 4.1) or compact quantum group of Kac type (see Section 5).
Weak amenability of commutative hypergroups
The following definition is motivated by the group setting [10] . We now state the main result of this section.
To prove this theorem we use a technique due to Voit [37] on generating new hypergroups using positive characters. In [37] 
x · y for every pair x, y ∈ H. We use H 0 to denote the later hypergroup structure on H whose Haar measure is λ = χ 2 0 λ. In this case, it follows that H 0 is homeomorphic to the set {χ ∈ H : |χ(x)| ≤ χ 0 (x) ∀x ∈ H} through the mapping χ → χ/χ 0 . Note that H is discrete if and only H 0 is discrete. Lemma 3.8 Let H be a commutative hypergroup. Then A(H) is isometrically Banach space isomorphic to A(H 0 ) through the mapping u → u/χ 0 . Moreover, u → u/χ 0 also yields an isometric Banach space isomorphism from B λ (H) onto B λ (H 0 ).
To prove that every u ∈ B λ (H) is mapped to u/χ 0 ∈ B λ (H 0 ), we use the fact that
Remark 3.9 Let H be a commutative regular Fourier hypergroup.
For each
for every u ∈ A(H).
C c (H) ∩ A(H) = C c (H) ∩ A(H 0 ) and it is a dense subset in both of A(H) and A(H
follows by the first part of the remark. To prove the converse, suppose that u ∈ C c (H) ∩ A(H 0 ). Based on Lemma 3.8, there is some v ∈ C c (H) ∩ A(H) so that u = v/χ 0 . But since |χ 0 (x)| ≥ δ > 0 for some δ > 0 and every x ∈ supp(v), by Theorem 3.6.15 and Theorem 3.7.1 of [31] , there is some φ ∈ M A(H) so that φ(x) = χ 0 (x) −1 for each x ∈ supp(v). Hence, u = v/χ 0 = vφ ∈ A(H).
For each φ ∈ M A(H), φ also belongs to M A(H 0 ). To prove this claim note that
for every φ ∈ M A(H) and u ∈ C c (H) ∩ A(H). Conversely, for φ ∈ M A(H 0 ) and u ∈ C c (H) ∩ A(H), we get
Therefore, two approximation arguments imply that M A(H) = M A(H 0 ) and moreover for every φ ∈ M A(H 0 ) we have φ M A(H 0 ) = φ M A(H) .
4. By [27, Remark 3.5], we know that every multiplier of A(H 0 ) is a multiplier of B λ (H 0 ). But the constant function 1 ∈ B λ (H 0 ); thus,
Similar to the argument in the first part of the remark, we get u B λ (H 0 ) ≤ u B λ (H) for every u ∈ B λ (H). Proof. Let denote the Plancherel measure of H 0 . To prove this theorem, we use a characterization of regular Fourier hypergroups developed in [27] which states that the hypergroup H 0 is regular Fourier if and only for every pair χ 1 , χ 2 ∈ supp( ), χ 1 χ 2 ∈ B λ (H 0 ) and χ 1 χ 2 B λ (H 0 ) ≤ 1.
By Lemma 3.8 and [37, Proposition 2.5], it suffices to show that for each pair χ 1 , χ 2 ∈ supp( ),
Let f ∈ C c (H). Recall that for χ 1 ∈ supp( ), χ 1 /χ 0 ∞ ≤ 1 (see [37] ). Hence, we have
Therefore, χ 1 /χ 0 can be extended to a continuous operator on C * λ (H) with χ 1 /χ 0 B(C * λ (H)) ≤ χ 1 B λ (H) = 1. Using this bounded operator, for χ 2 ∈ supp( ), we define χ 1 χ 2 /χ 0 ∈ B λ (H) by
where ·, · denotes the duality product of (B λ (H), C * λ (H)). Then
This finishes the proof.
Remark 3.11 In the proof of Proposition 3.10, we actually proved that (M A(H), · M A(H) ) is
isometrically Banach algebra isomorphic to (B λ (H 0 ), · B λ (H 0 ) ). Indeed, A(H 0 ) is the closure of A(H) in its (completely bounded) multiplier norm. This Banach algebra was formerly introduced and studied for locally compact groups in [9, 14, 15] .
Note that in neither of the results we proved above we did not assume that H is discrete.
Proof of Theorem 3.7. First note that by Proposition 3.10, H 0 is a discrete regular Fourier hypergroup satisfying (P 2 ) (as 1 belongs to the support of the Plancherel measure). Therefore, by Theorem 2.2, A(H 0 ) has a contractive approximate identity which lies in c c (H) ⊆ A(H). For each u ∈ A(H), we get (i) ⇒ (ii). Since every operator amenable algebra has a bounded approximate identity, the condition (P 2 ) is immediate from Theorem 2.2, for both H and H × H. Hence, Theorem 3. (ii) ⇒ (i). Since H satisfies (P 2 ), A(H) has a bounded approximate identity (e α ) α . Define,
which is a bounded approximate identity of A(H). Finally for each u in A(H)
In the sequel we shall need the following lemma which we present from [19, Theorem 5.6 ], modified to our case. Here, a dual Banach algebra is in the sense of [33, Definition 11] . One of the technique in the proof of the following theorem is inspired by [30] . Theorem 4.4 Let H be a discrete commutative hypergroup satisfying (P 2 ), B(H × H) = B λ (H × H), and |{λ(x) : x ∈ H}| < ∞. Then A(H) is amenable.
Proof. By Lemma 4.1, we need only show that 1 ∆ ∈ M A(H × H). To this end, define π : 
Therefore p(φ) = 0, which in turn yields that p(γ(φ)) = 0 for every linear multiplicative functional γ on M A(H). Hence γ(φ) is a root of polynomial p and therefore γ(φ) = 0 for every linear multiplicative functional γ of the unital commutative Banach algebra M A(H). But it is known that such a function is invertible, i.e. φ −1 ∈ M A(H), see [23, p217] . Now, it is easy to check that
, which finishes the proof.
We believe the converse of Theorem 4.4 to be true, that is, for a discrete commutative regular Fourier hypergroup H satisfying (P 2 ) with unbounded Haar measure, A(H) is not amenable. This conjecture is based on the known examples in the group case. See [1, 7] and our results in the following subsections.
Application to compact groups
In this subsection, we use Theorem 4.4 to prove one side of Conjecture 0.1 from [7] which we present as the following corollary. To prove this corollary let us start by some observations regarding hypergroup structures admitted by compact groups. It is known that there are two hypergroup structures constructed by a compact group G. The compact commutative hypergroup of conjugacy classes of G, denoted by Conj(G), and the discrete commutative hypergroup of classes of irreducible representations of G, denoted by Irr(G), with the Haar measure λ(π) = d 2 π where d π is the dimension of π ∈ Irr(G). It is known that both of these hypergroup structures are regular Fourier and satisfy (P 2 ) (see [1, 28] ). Also, they are strong hypergroups and are the duals of each other (see [5, Subsection 2.1] ). On the one hand, A(Conj(G)) is isometrically Banach algebra isomorphic to ZA(G), the central Fourier algebra of G. For more on ZA(G), see [3] . On the other hand, Proof of Corollary 4.5. Note that every open abelian subgroup of a compact group has only finitely many cosets. Therefore, G is virtually abelian. By [26] , a (locally) compact group is virtually abelian if and only if there exists an upper bound on the dimensions of its irreducible (unitary) representations. Thus, {λ(π) = d 2 π : π ∈ Irr(G)} is a finite set, and the discrete hypergroup Irr(G) satisfies all the conditions of Theorem 4.4. Therefore, A(Irr(G)) ∼ = ZL 1 (G) is amenable.
Remark 4.7 The main theorem of [6] , which is stated for compact hypergroups, claims to prove both sides of [7, Conjecture 0.1] , and, in particular, Corollary 4.5, using the theory of compact hypergroups. Unfortunately, there are gaps in each direction of the proof of that result. Therefore to our knowledge, the other side of the conjecture remains open.
Here we briefly mention the gaps in the argument presented in [6] using its notation and context. In the first computation line on p. 1617, we should have
The extra coefficient k 2 π is missing, there. Hence the deduction that k π /d π ≤ µ , cannot be made form these computations.
The strongest conclusion one gains from the computation which is intended to verify (i) ⇒ (ii), on p. 1617, is that the sequence (M n ) n is bounded with respect to its duality with
Since this space is well-known to be the pre-dual of B(L 2 (K)), this shows that the sequence (M n ) n is bounded as convolution operators. This is insufficient information to conclude it is a bounded sequence of measures.
Application to discrete groups
Let G be a discrete finite conjugacy or FC group, that is, for each conjugacy class C, |C| < ∞. Let Conj(G) denote the set of all conjugacy classes of G. Define ZA(G) to be the subalgebra of class functions in the Fourier algebra of G.
It is known that Conj(G) forms a discrete commutative hypergroup [8] . For each C ∈ Conj(G) we have λ(C) = |C|, where λ is the normalized Haar measure of Conj(G). It was shown in [28] that ZA(G) is isometrically isomorphic to the Fourier algebra of Conj(G), and, therefore, Conj(G) forms a regular Fourier hypergroup. As a strong hypergroup, Conj(G) always satisfies (P 2 ). Moreover, Theorem 3.15 and Theorem 4.2 in [28] imply that ZB(G × G) = B(Conj(G × G)) = M A(Conj(G × G)) as every FC group is amenable.
A discrete group G is called a finite commutator group or FD if its derived subgroup is finite. It is immediate that for a group G, and every C ∈ Conj(G), |C| ≤ |G | where G is the derived subgroup of G. Therefore, the orders of conjugacy classes of an FD group are uniformly bounded by |G |. The converse is also true, that is, for an FC group G, if the orders of conjugacy classes are uniformly bounded then G is an FD group [32, Theorem 14.5.11] . In other words, for every FD group G the Haar measure on Conj(G) is bounded. Theorem 4.4 immediately yields the following corollary.
Corollary 4.8 Let G be a discrete FD group. Then ZA(G) is amenable.
In subsequent work by the first author and Spronk, the space ZA(G) is studied for larger classes of locally compact groups.
Hypergroup structure of compact quantum groups
The intention of this section is to establish a connection between hypergroup theory and compact quantum groups. Although some of the results below are likely known to experts, we believe that our explicit presentation will help to bridge the two communities.
In what follows we adopt the notation of [4] . We also refer the reader to [4] for a relevant introduction to compact quantum groups, their irreducible co-representations and (quantum) characters.
Let G be a compact quantum group. As in the case with compact groups, the irreducible characters of G play an important role in the harmonic analysis. For α ∈ Irr(G), we let χ α be the character of α, and we let χ α q be the quantum character of α. The quantum characters (as well as the characters) satisfy the decomposition relations:
αβ is the multiplicity of γ in the tensor product representation α ⊗ β. It is easy to show that for every compact quantum group G, the set of (equivalence classes of) irreducible co-representations, Irr(G), admits a discrete hypergroup via the multiplication
where d denotes the quantum dimension. We denote this hypergroup structure by (Irr(G), d).
A similar decomposition leads to a hypergroup structure using the regular dimension, n, which is denoted by (Irr(G), n). It is known that (Irr(G), n) and (Irr(G), d) coincide if and only if G is of Kac type. Let λ n and λ d denote the respective left regular representations. We also let Char q (G) = span{ϕ α q | α ∈ Irr(G)}. Then Char q (G) is a closed ideal in Z(L 1 (G)). We believe, but have been unable to show in general, that Z(L 1 (G)) = Char q (G). In the following we appeal to the Frobenius Reciprocity property of the hypergroups (Irr(G), n) and (Irr(G), d) which is equivalent to the Frobenius Reciprocity of the compact quantum group i.e. N Proof. Recall from [4] that ZL ∞ (G) is the von Neumann subalgebra of L ∞ (G) generated by the characters. Clearly ZL ∞ (G)(ZL 2 (G)) ⊆ ZL 2 (G) and ZL ∞ (G) → B(ZL 2 (G)) is a faithful representation. By definition of the hypergroup convolution we have
for all α, β ∈ Irr(G). It follows that U * n λ n (δ α )U n = n α χ α , and ZL ∞ (G) is spatially *-isomorphic to VN(Irr(G), n). Thus, Z(L ∞ (G)) * ∼ = A(Irr(G), n), completely isometrically.
Since the restriction of the Haar state ϕ| ZL ∞ (G) is a normal faithful trace, we have
. Under this identification, the pre-adjoint of the spatial *-isomorphism satisfies U * n · δ α · U n = n α ϕ α , α ∈ Irr(G), as is easily verified by invoking the duality relation
For general compact quantum groups, there is an injective contraction from A(Irr(G), d)
into the center Z(L 1 (G)). To show this, first observe by the orthogonality relations that for f ∈ span{ϕ α q | α ∈ Irr(G)} Since the left hand side clearly contains span{ϕ α q | α ∈ Irr(G)}, we obtain
Clearly, χ α q (Z(L 2 (G))) ⊆ Z(L 2 (G)) for every α ∈ Irr(G). Moreover, for any β, γ ∈ Irr(G), we have Hence, in B(Z(L 2 (G))), we have χ α * q = χ α q , so that B q := span{χ α q | α ∈ Irr(G)} is a self-adjoint unital subalgebra of B(Z(L 2 (G))). Let ZL ∞ (G) denote the von Neumann algebra generated by B q .
By definition of the hypergroup convolution and Frobenius reciprocity, it follows that the unitary 
Hence, T extends to a linear contraction T : A(Irr(G), d) → Z(L 1 (G)) such that T (δ α ) = d α ϕ α q . Thus, T is multiplicative on finitely supported functions by equation (2.4) of [4] , and it follows that T (u) = ω ξ,η | L ∞ (G) whenever u = ω For general compact G, it is known that G is co-amenable (i.e., L 1 (G) has a bounded approximate identity) if and only if (Irr(G), n) satisfies (P 2 ) [29, Theorem 2. 1.7] . If, in addition, G of
